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Abstract

Machine learning has emerged as an important tool in the treatment of the quantum
many-body problem. Along with density functional theory, it serves as an approach
studying the behaviour and properties of systems of interacting particles. In this
project, we aim to construct a neural network to describe the time-propagation of a
quantum many-body system on a lattice. Electronic interactions on a lattice are
simulated using the spinless Hubbard model. Exact diagonalisation allows datasets of
the exact time evolution of a small many-body system to be generated, upon which a
network is trained to make predictions on the future evolution of new initial states.
Lattice density functional theory offers the theoretical foundation for studying the
system in the compressed representation of average site occupation to avoid the
exponential scaling of the wavefunction, allowing larger systems to be studied. We
demonstrate for a system fully represented by its density matrix, the network is capable
of making very accurate predictions of its future state given its current state only. Its
evolution over a time interval is reproduced with high precision using autoregression.
Expressing the system by its vector of site occupation, the network required a collection
of its previous timesteps to make accurate predictions for its future evolution. We
showed for a region of intermediate interaction strength, the model made the least
accurate predictions compared to the high and low interaction strength limits. The
research iterates the capabilities of machine learning approaches in understanding the

dynamics of many-body systems.
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1. Introduction

One of the most important problems in condensed matter physics is that of the
quantum many-body system, essential for understanding the emerging properties of
systems of interacting particles. However, any exact computations involving the
many-body wavefunction quickly becomes a numerically impossible task due to the
exponential scaling of the Hilbert space needed to describe a many-body system.
Therefore, one of the primary goals of research in this field is to explore methods of
dimensional reduction of the many-body wavefunction, such as the density-matrix

renormalization group [1], enabling properties of larger systems to be analysed.

Density functional theory (DFT) is one method of addressing the exponentially scaling
limitations of many-body systems, based on the theorems of Hohenberg and Kohn [2].
It establishes a one-to-one correspondence between the electron density and the
external potential defining the Hamiltonian of the system, hence determining its
solutions. It has been shown that an accurate approximate solution for a many-body
system can be obtained using an appropriate electron density [3], a quantity which

scales linearly with system size for lattice models.

In this project, we look at the time evolution of a many-body system on a lattice
simulated by the spinless Hubbard model [4]. In particular, we investigate the extension
of DFT to the time domain, which states that the time evolution of a many-body
system can be studied through the time evolution of its average site occupation vector
[5]. One does not know the precise form of this time propagator and so, it needs to be
approximated. Having seen the success of machine learning and neural networks in
real-world industry problems |6, 7| and tasks such as image recognition [8], these
approaches have been adopted by condensed matter physicists in the treatment of the
many-body problem. It has shown promising applications in numerous areas of
quantum many-body systems, such as dimensional reduction [9], time propagation [10],
and learning the Hamiltonian of quantum interacting systems [11]. Neural networks
have also been applied to constructing exact functionals for the Hubbard model [12]
and has shown promising results for networks trained on small systems applied to larger
system evaluations [13]. In this report, we will take a machine learning approach to
approximate the time propagator of a many-body system described by the spinless
Hubbard Hamiltonian, by constructing a neural network which learns its

evolution.



The report will start by introducing the necessary background theory. Firstly, the
Hubbard Hamiltonian for modelling interacting systems of electrons on a lattice is
derived from the second quantization of the classical Hamiltonian. We describe exact
diagonalisation (ED), a technique for finding numerically exact solutions of the
Hubbard model, and apply it to a small many-body system. We will then provide the
theoretical foundations of DF'T for an arbitrary system of interacting electrons and
extend the formalism to lattice models in the time domain. The report will then briefly
outline the basics of machine learning and neural networks, their application in learning
the time evolution of a quantum system and how to generate a uniform sample of initial

states suitable for machine learning.

We finally present the findings of the research. For a system described by the full
representation of the density matrix, the learning of the time evolution only requires the
knowledge of the current state to make accurate predictions about future states. For a
reduced representation, as in density functional theory, the evolution is no longer local
in time, and we require a history of previous time steps for the system to make precise
predictions into the future. Finally, we investigate the change in prediction accuracy for
varied interaction strengths between electrons in the system and find that there is an

intermediate range in which trained models make the worst predictions.



2. Background Theory

2.1 The Many-Body Problem

The many-body problem refers to a system in which the quasi-particles involved move
under the influence of the interaction force between them. For example, electrons in a
box interacting by their Coulomb repulsion or even classically, the three-body problem
describing how three bodies move in space by the gravitational forces between each
other [14]. This extra degree of complexity results in unpredictable behaviour of the
particles in the system, making this class of problem extremely difficult, if not

impossible to solve analytically or numerically.

For quantum systems, the number of dimensions of the Hilbert space needed to describe
the wavefunction of the many-body system scales exponentially with the total number
of particles. As we will see later for a lattice model, significant issues arise in any
numerically exact solutions of the quantum many-body problem, due to limitations in
computer RAM needed to store very large quantum states. The problem then turns to
finding ways of reducing the dimensionality of the system and extracting only the most
important features of the wavefunction in order to bypass the exponentially scaling
Hilbert space and allow the behaviour of larger many-body systems to be investigated
[1, 9].

2.2 The Spinless Hubbard Model

2.2.1 Second Quantisation

The Hubbard model is a Hamiltonian first introduced by John Hubbard [4] to model
electronic correlations in narrow energy bands and progressed into the treatment of a

system of interacting electrons in a solid [15].

The dynamics of N, electrons moving in a lattice of static ions is governed by the

Hamiltonian

H=3 (;’m + U(r)) +3 Z V(i — 1) (2.1)

=1



where U(r) is the periodic potential of the ions and V (r) = £ is the Coulomb

[r]
repulsion between electrons.
We want to move from this classical Hamiltonian to quantum mechanics by second
quantization in a suitable basis of states. After first quantisation, eq. 2.1 in terms of

fermionic wavefunction ¢ (r) becomes

h*v? 1
H= [@roi) (T 1 Uw) vl [ @i )V o= e )
m
(2.2)
Second quantisation of the above equation is achieved by promoting the dynamical

quantities 1 (r) and () to operators through the anti-commutation relations

describing fermions

{v(r). ' ()} =0 (r—7)

2.3
{0(r),0f ()} = {e(r), 0 ()} = 0 (2:3)

We can express ¢(r) as a linear combination of localised atomic orbitals ¢, (1) with
operator coeflicients ¢, where ¢;(r) = ¢ (r — R;) is a hydrogen 1 s orbital centred at

lattice site position R;.

Y(r) = eudu(r), o) = eélon(r) (2.4)

Substituting this expansion for ¥ () into the first quantised Hamiltonian (eq. 2.2), we

arrive at the second quantised form
~ . 1 R
H= Z Hichcj + 3 Z Vijklc;rc;ckcl (2.5)
ij ijkl

which is the sum of the single-particle Hamiltonian (quadratic in ¢ operators) and

interaction Hamiltonian (quartic in ¢ operators) with

ty = [ o) (<5 U ) 0 20

1
Vi =5 [ rdr'ima(n)V (v =)o () ou(r (2.7
We now make several approximations to simplify the model. Firstly, in this research
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project, we are dealing with the spinless-Hubbard mode, which means each lattice site
is either occupied or unoccupied {0, 1}. Therefore, the interaction parameter V;; gives
its largest contribution for occupied neighbouring sites (i =, = k =i + 1), denoted
V', and can be neglected elsewhere. We also assume a nearest-neighbour tight-binding
approximation, where we only keep hopping matrix elements between nearest
neighbours [15]. Introducing on-site energies ¢; = H;;, hopping parameter

t = —H, ;1 = —H,y1,, and particle number operators n; = éléi, we finally arrive at the

spinless Hubbard model for a one-dimensional chain of L atoms

L L L
i=1 i=1 i=1

Note that the Hubbard model is essentially a one parameter model, depending only on

the ratio V/t. In this report, we fix t = 1, setting the energy scale of the system, and

vary V freely to adjust its properties. We can interpret the Hamiltonian by considering

the action of each term. The creation operator (éj) and annihilation operator (¢;) have

anti-commutation relations following from eq. 2.3

{éjmél’} = O

(2.9)
{¢u,ey ={e.el} =0
Therefore, they act on occupied and unoccupied lattice sites as follows:
AT — AT —
c'0) =11), ¢'1) =0
0 =1, &) 210,

¢l0) =0, ¢1) =10)

The first term U = > £:¢1¢; destroys an electron at site 7 and recreates it at the same
site. Therefore |0) and |1) are eigenvectors of the number operator 7n; with eigenvalues 0
and 1 , respectively. So, the first term describes the interaction between the electron
and nuclei by assigning an occupied state ¢ an energy ¢;. The kinetic term T destroys
an electron at site ¢ and recreates it at site ¢ 4+ 1, or vice versa, with an energy cost of
such a transfer being ¢. Finally, the Coulomb interaction term Vs only non-zero if
sites ¢ and ¢ + 1 are both occupied, requiring an additional energy V for such an

arrangement [16].

2.2.2 Exact Diagonalisation

A common method for numerically solving the Hubbard Hamiltonian (eq. 2.8) is called

exact diagonalisation. It involves calculating the matrix elements of H y in a convenient



L m
()
o—0—C O—™100
€i-1 & €i+1
Figure 2.1: The spinless Hubbard model for a lattice chain. Each site can either be
occupied (black) or unoccupied (white). Electrons can hop from an occupied state to the

nearest unoccupied neighbour with a transition energy t. There is an interaction energy
V' for neighbouring occupied states.

basis of the Hilbert space of the system, and diagonalise the resulting matrix [17]|. For
this research project, we focused on the case of a lattice chain of four lattice sites and
two electrons. The basis vectors of the Hilbert space describing this system are given by

all the ways of occupying four sites with two electrons, namely

|1>:|1’170v0>7 |2>:|1707170>7 |3>:|17070a1>7

(2.11)
14) =10,1,1,0), [5)=10,1,0,1), [6)=10,0,1,1)

A wavefunction describing the system can then be written as a linear combination over

this basis set

dimH

)= D il (2.12)

Finding the Hubbard Hamiltonian describing the system in a matrix representation

over the basis set is simply found by calculating the individual matrix elements
i= (i) = (|7
ij

(‘A/)” are diagonal entries in the Hamiltonian matrix, where the former counts the

j>. The atomic potential terms ([7 )ij and interaction terms

number of electrons at each site and applies its associated energy, and the latter adds
an energy contribution of V' for every pair of occupied neighbouring sites in the basis
vector. The kinetic term (f)” adds an entry to H if another basis state can be created
by transferring one electron. For example, T|5) = —¢(|3) + |4) + |6)), and so

(T)s5 = (3|T|5) = —t, (T)a5 = (2|T|5) = 0. Adding up all the energy contributions for

each term in ﬁU, we arrive at the following matrix representation of }AIU



e1+e+V —t 0 0 0
—t €1+ €3 —t —t 0
- 0 —t €1+¢€4 0 —t 0
0 —t 0 cotes+V —t 0
0 0 —1 —1 €9+ &4 —1
0 0 0 0 —t est+e4+V

The Schrodinger equation H = E1) takes the form of an eigenvalue problem whose
solutions are obtained by diagonalising H above, yielding the energy eigenvalues E™
and corresponding eigenstates 9" = (Y7, ..., 1¥¢) of the Hubbard Hamiltonian (eq. 2.8).

The corresponding wavefunctions are therefore 1)) = > 2 |i).

More generally, the dimension of the Hilbert space Ny for a system of L lattice sites
and N, electrons is given by the number of ways of distributing N, electrons over L

sites, namely

L L!
Nin = ( N, ) S NIT - 21

We see a severe exponential scaling of the Hilbert space with the number of particles in
the system for a many-body problem, e.g., Ny = 184, 756 for a system of 20 sites with
half-filling. Hence, computations are limited to systems with a few tens of particles due
to the increased computer memory required to store Ny x Ny matrix and a
diagonalisation whose computational time scales as Nj,. For larger systems, other
methods of diagonalisation which are less computationally expensive need to be
employed, such as Lanczos algorithm [18] or storing matrices in sparse matrix

format.

2.3 Density Functional Theory

Density functional theory provides an alternative method to solving a many-body
problem which avoids calculating the many-body wavefunction, which we’ve seen in
section 2.2.2 to scale exponentially with system size. We can alternatively examine the
system’s properties using the fundamental electron density describing the system, a

function of three spatial coordinates.

The foundation for density functional theory is based on the Hohenberg-Kohn (HK)
theorems [2]. According to the first theorem, for a system of electrons moving under the
influence of an external potential v(r) and their mutual Coulomb repulsion (eq. 2.1),

there exists a unique functional between v(r) and the electron density n(r) in the

7



ground state. Since v(r) determines the Hamiltonian, the total energy E' is a unique

functional of n(r), given by

Eln(r)] = / n(F)o(r)dr + Fin(r)] (2.14)

where F[n(r)] is a universal functional independent of v(r). The second theorem states
that at the ground state electron density F[n(r)] is minimised, with the restriction
N[n] = [n(r)dr = N is conserved.

Ecs = E[ngs(r)] < En(r)] (2.15)

As a result, the ground state electron density specifies the Hamiltonian of the system

and hence its solutions. We can provide an analogous formulation for the HK theorems
on an interacting lattice model, such as the Hubbard model (eq. 2.8) [19]. In this case,
the density describing the system is now the average electron occupation of each lattice

site given by

Af A
G C;

ni:<1/}

¢> (2.16)

Lattice DFT states the one-to-one correspondence between the site occupation n and
the external potential, defined by the on-site energies ;. Therefore, the

Hohenberg-Kohn theorems in the lattice formulation are given by

Eln] =) ne; + Fln], Egs= E[ngs] < E[n] (2.17)

As a consequence, the many-body wavefunction is a functional of the average site
occupation; [¢) = |1[n]), meaning the system can be studied using a quantity that
depends linearly on system size, rather than the exponentially expanding

wavefunction.

A density functional formalism has also been developed for time-dependent systems [5].
Therefore, we can study the time evolution of quantum systems through the time
evolution of the appropriate electron density describing the system. The problem with
DFT remains that the universal functional F' is unknown and needs to be
approximated. Machine learning has proved to be a viable approach to constructing
exact functionals for the Hubbard model [12] and tackling time-dependent systems [10].
In this research, we focus on using a machine learning approach to approximate the site

occupation time propagation for the spinless Hubbard model.



2.4 Time Evolution of Quantum Systems

The density matrix is an alternative way of representing the quantum state of a system,
in that it contains the minimum set of information necessary to calculate the
measurable quantity of any observable of a system prepared according to given
specifications [20]. For a system prepared in a pure state |¢)), the density matrix is given
by p = [1)(1]. For a system in a mixed state, given by the superposition of pure states

|1;) weighted by probability p;, the density matrix is expressed as p = p; [1;) (¢4].

The density matrix is used to find the expectation value of an operator A as

A

(A) = Zpi <¢z‘A|¢z> = Tr(pA) (2.18)

Investigating how the density matrix describing a system evolves with time, we first
note that any unitary transformation U that changes |¢) representing a pure state into
Ult) also changes p representing that state into UpUT [20]. The time dependence of the

wavefunction is controlled by the time-dependent Schrodinger equation, given by

L0 =
iho (1)) = Hy(t) (2.19)

It is solved by the unitary evolution with the Hermitian operator U(t) = e~/ R such
that [1(t)) = e~*/%|1)(0)). Then, the time evolution of the density operator can simply
be found by taking the time derivative of p and substituting eq. 2.19 to arrive at a
first-order differential equation called the Liouville von Neumann equation,
op PP
W _ g

5 = "5 A (2.20)

which has the solution p(t) = e—iflt/ h,ﬁ(O)e’ﬁt/ . Then we have that the expectation

value of observable A varies in time according to

A(t) = Te[p(t) A] (2.21)

Then the site occupation evolution can be explicitly calculated as n; = Tr [p(t)7n,].

One also notes that the expectation value of any operator that commutes with the
system’s Hamiltonian remains constant in time. For the Hubbard Hamiltonian, H U
commutes with itself and the total number operator N = >, 1, therefore the total

energy and number of particles of the system remains constant with time [21].



3. Computational Methods

3.1 Machine Learning

Machine learning is a computational technique, modelled on the operation of the brain,
which is exposed to sets of training data, with the goal of making accurate predictions
on unseen data. Machine learning, particularly neural networks, has proven to be very
effective in a variety of fields, ranging from image and speech recognition [8] to
industrial [6] and medical problems [7]. It has now seen wide use in the field of
condensed matter physics. Given that the many-body problem is a notoriously difficult
problem to solve analytically paired with the ability to the ability to generate large
datasets, it makes it a good candidate to be studied using machine learning techniques.
In this project, machine learning is used to approximate the propagation of a

many-body systems in time.

3.1.1 Neural Networks

The fundamental unit of a neural network is called the perceptron (fig 3.1), based on the
McCulloch and Pitts model of a biological neuron [22|. The concept of ’learning’ using

the perceptron is based on least-squares regression and logistic regression [23].

X1

Figure 3.1: The perceptron - basic unit of a neural network. Inputs in the feature vector
x are combined with a set of weights {w;} and passed through an activation function o
outputting prediction gy

The model aims is to ’learn’ the mapping f : * — y between a collection of inputs & =
(x1,...,2,) and outputs y = (y1,...,yn) using a set of adjustable weights

w = (wy,...,w,). The procedure is divided into three main parts. Firstly, the feature
vector & combines with the set of weights w, offset with a bias b, which can be treated

as another weight that combines with a unit input.

10



a = zn:xiwi +b
i=1

The sum is then passed through an activation function, which outputs a prediction

y = o(a). The activation function is chosen depending on the application of the model.
Finally, we define a loss function, which quantifies the error in the prediction made by
the model for the given set of weight parameters. This research project deals with
regression predictions, for which a linear activation function with a mean square error

loss function (eq. 3.1) is an appropriate choice.

N

1 N

Lysp(w) = N Z (yi — yi(w))2 (3.1)
k=1

The model learns the mapping f between inputs and outputs by feeding the network

the training data in cycles called epochs and adjusting the weights {w;} accordingly

until £y;sp(w) converges to a minimum. Once the parameters {w;} are fixed, the

network can make predictions on unseen inputs.

To make more powerful models capable of learning non-trivial patterns and correlations
in the mapping function between inputs and outputs, perceptron units are joined
together in multiple layers, where units in adjacent layers are fully connected by
another set of adjustable weights (fig. 3.2). Multilayer networks consist of three
components; an input layer, one or more hidden layers whose computations are not

visible to the user, and an output layer giving the model’s prediction.

Input Layer Output Layer

Hidden Layers

Figure 3.2: Full connected neural network. The circles represent a perceptron unit (fig.
3.1) which are all connected by a set of weights. The aim is to adjust the weights until
the error in the prediction of the output layer is minimised.

A linear activation function is only effective up to one layer deep. By taking the

activation function of the hidden neurons to be non-linear, the network can create

11



highly optimised composition functions [23|. Such a network is very efficient at learning

non-linear mappings between sets of variables. A common choice is the sigmoid

activation function o(a) = ; é_a or ReLU which is a common replacement in modern

neural networks [24].

A multilayer network arrives as an output from an input by the process of forward
propagation through each layer. The output of the [ layer in the network, denoted
z® | is found by combining the input from the previous layer z!=1) with the weight
matrix and bias vector associated with the previous layer, W= and p!—Y)

respectively, passed through an activation function o.

A (a(lfl)) =0 (W(lfl)z(lfl) + b(lfl)) (3.2)

The output of the final layer gives the prediction of the model. Training the network,
once again, entails determining the set of weights and biases which minimises the loss
function. However, in the case of a multilayer network, the loss function becomes a
complex surface over the weight space, whose minimisation is extremely non-trivial [23].
We use an iterative process called backpropagation [25] to perform such minimisation.
Given the mean square error loss function (eq. 3.1), using the chain rule of differential
calculus, the derivative of the loss function with respect to a single weight wﬁj in the [t

layer is given by the product of known derivatives

oc 02" ad" oc
z,

ow? — ou® 020 90l 33

i i i
The total gradient of each layer for every neuron j is given by the sum of eq. 3.3 over
all the connections ¢ emerging from neuron j. The weights are updated by gradient

descent.

w;’ — 'wg-l) — Vu, L (3.4)

The process of gradient descent continues until the loss function converges. One has to
consider the possibility of the network overfitting the data. Overfitting is the case in
which the neural network learns the patterns and behaviour of the training data very
well, but misses the underlying trend in the entire dataset, producing relatively large
errors in the unseen test data. A common method for mitigating the effect of overfitting
is early stopping [26]. The process involves computing an error in the prediction on a
test set of data throughout the process of training. This is achieved by splitting our

initial dataset into three sections; a training set, a validation set, and a test set. The

12



validation set is used alongside the training set computing a validation error after each
training epoch. Gradient descent is halted when the validation error begins to rise,

giving a model ready to make predictions on the test set.

3.1.2 Data Generation for Machine Learning

For the system of four sites and two electrons, whose time evolution we are attempting
to predict, we require data for its exact time evolution from a sample of input states in
order to predict the evolution of new input states. In the density matrix description of
the system, the evolution is determined by the Hamiltonian H and initial state pg by

—HH/h poetHt/R - Therefore, given a uniform set of N, initial states 1,

the equation p; = e
in the basis 2.11, a training dataset is simply created by calculating p; at N; timesteps
along its evolution. So, our training dataset will have the shape (Ng, Ny, Ny, Ny ),

where Ny = 6 is the Hilbert space dimension.

The initial state [1g) — by = (11,2, ...,106)" in the basis 2.11 obeys the normalisation
condition w(T)i/JO = Z?:l ]wi\Q = 1, therefore 1, is any point lying on the surface of a
six-dimensional unit hypersphere. A uniform distribution of data in the training set is
imperative to ensuring a model that accurately represents its purpose and makes
precise predictions on unseen test sets. A nonuniform distribution of states 1), on the
6-sphere will result in biases in the data towards certain states and inaccurately

representing the underlying behaviour in the overall set of possible states [27].

A uniform distribution over the 6-sphere is achieved by sampling each coordinate ;
from the normal distribution. A point x sampled from the normal distribution has a
probability distribution g(z) = —L_¢=2* Therefore, the probability distribution for 1,

V2r
whose elements are sampled from a normal distribution is

g(he) =g (W)~ g () = (\/12—”6_%) (\/127@_%) = ﬁe_z?lﬁ = %

where Z?:1 ¥? = 1 by the normalisation condition. Hence, g (1)) is constant and the
state 9, has an equal probability of residing at any point on the 6 -sphere. In figure
3.3, we plot a number of normalised three-dimensional vectors v = (z,v, z) for two
separate coordinate samplings. The first case is where polar coordinated {6, ¢} are
chosen randomly in their respective ranges 0 < 0 < 27 and 0 < ¢ < m. We observe an
accumulation of points at certain regions of the sphere due to non-uniform dependence
of the probability distribution on # and ¢. In the other case, {x,y, z} are sampled from
the normal distribution which has a uniform distribution over the surface of the sphere,

as reflected in figure 3.3. This will provide an appropriately uniform dataset for

13



machine learning [28].

Figure 3.3: Sampling random points on the unit sphere. Left: Polar coordinates 6, ¢
are chosen randomly, resulting in a non-uniform sample of states. Right: The Cartesian
coordinates x,y, z are sampled from the Gaussian distribution resulting in a suitably
uniform dataset for machine learning.

3.2 Learning Quantum Time Evolution

In section 2.4, we showed the evolution of the density matrix obeys the Liouville von
Neumann equation (eq. 2.20). As a result, for discrete timesteps, the future timestep of
the density matrix only depends on its current state. Given the first-order ODE

op __

5= —%[ﬁ ,pl = f(p,t), using the derivative from first principles, we find

pt + At) — p(t)
At

= f(p,t) & prs1 = pe + At f (py) (3.5)

Hence, a model trained on systems in the density matrix formalism should only require
the current timestep to learn the mapping to the next timestep, p;11 = F (p;). One can
predict subsequent timesteps using autoregression, where the output of the model at
one timestep is used as the input to predict the next timestep [30]. This technique

allows an entire time series to be reconstructed from an initial input by

Prim = F(F(...F (p))...)) (3.6)
—_——

For predicting large timesteps into the future, autoregression can be slow and
cumulative errors decrease the accuracy in the prediction. To remedy this, one can
train models learning the mapping F;,, to various timesteps ahead by changing the

target output of the training dataset.

Prrm = i (pt) (3.7)
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Training a select number of models (e.g. Fi, Fy, F5, Fig, Fo, ... ), one can access any
timestep into the future with very few autoregression steps, bypassing the cumulative

autoregression error.

The same processes are carried out for learning the site occupation evolution; however,
one finds it is no longer sufficient to use the current timestep only to make accurate
predictions for the next and future timesteps in this reduced representation of the
system. The model will require a collection of Ny, input timesteps of the system’s

history, now learning the mapping

N1 = F ({nm, M1, -+, NNy, 1) (3.8)

Autoregression is carried out in the same way to predict the time series over a time

interval, except here we cycle out the input site occupation vectors with the predicted

ones, €.g., Nyio = F ({Mni1, M, W15 -+, M Ny 41 1)

The implementation of the above networks is executed using Keras [31], which carries
out the computation of the loss function, its optimisation and gradient descent. For all
the models used in this project, we generated the entire dataset for 2000 uniform initial
samples and propagated its exact evolution over 500 timesteps. The (train: validate:
test) ratio was set to (70: 20: 10). For the density matrix models, it was found that a
linear model was sufficient in achieving validation errors ~ 107!, For the site
occupation models, we used a network of one hidden layer of 32 neurons with the ReLLU

activation function, which was found to give the smallest validation loss.
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4. Results and Discussion

4.1 Learning Density Matrix Time Evolution

Figure 4.1 shows the results for the model trained on a set of time-evolved density
matrices, aiming to predict its next timestep for an interaction strength V' = 4 and
timestep length At = 0.04/.J, where i = 1 in U(t) = e~"1*/" Choosing a random
sample from a test set not previously seen by the model, the exact evolution of the
average occupations for the four lattice sites was calculated using n; = Tr [ps72;], where
the density matrix evolution p; is governed by the solution to the Von-Neumann
equation 2.20. Using the same initial state, the predicted time evolution was found
using the trained model by autoregression. Calculating the average occupation from the
predicted density matrices at each timestep using n;; = Tr [p7;], we provide a

comparison to the exact numerical solution in fig. 4.1.

actual

Site Occupation

0.2

0 160 260 360 460 500
Timestep (At=0.04/))

Figure 4.1: Time evolution of the average occupations of the four lattice sites [n; (blue),
ny (orange), nz (red), ny (green)|. Top: Numerical solution governed by the solution to
eq. 2.20. Bottom: Evolution predicted by our model given the same initial state.

The mean absolute error for the independent density matrix components over the entire
time series was found to be 8.62 x 1079, averaged over 100 sample time series in the test

set. Hence, the model trained on one input density matrix is capable of accurately
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predicting the system’s evolution, demonstrating that the current state of the system in
the density matrix formalism includes sufficient information in predicting the next and

subsequent timesteps in the time series, as expected from eq. 3.5.

Figure 4.2 shows the growth of the error with time for autoregressive density matrix
predictions given the test set of 100 initial states py. In the top panel, the mean
absolute error between the actual density matrix (p) and predicted density matrix (p)
at each timestep in the series is calculated by A; = % S ok — pi| where n = 36 is the
number of independent (real and complex) components of the density matrix. In the

bottom panel, the error in the predicted energy E; = Tr[p,H] is also plotted.

le-5

2.0
—— Density Matrix
1.5 4
1.0 4

0.5 4

Mean Absolute Error

0.0 1

le—4

1.5
—— Energy

1.0 A

0.5 A

Absolute Error

0.0 -
0 100 200 300 400 500
Timestep

Figure 4.2: Growth in the error of the predicted system evolution using autoregression.
Top: Mean absolute error of the independent density matrix elements. Bottom: Absolute
error in the system’s energy (The average energy of the 100 sample systems was Eq,, =
1.88.J). The black line indicates the mean error over 100 test sample time series and the
shaded red region indicates the standard deviation of the prediction error.

One can avoid the accumulative error of autoregressive predictions by training a select
number of models predicting varying numbers of timesteps into the future, specifically
we trained models predicting 1,2, 5,10, 20, 50, 100 timesteps ahead. Taking the 132"

timestep for example, the error produced by 132 one-step predictions pi35 = F1(132) (po)

produced an error 54 times larger than that produced by 4 autoregression steps
P32 = Fa(Fro(Fao(Fioo (p0))))-

4.2 Learning Site Occupation Time Evolution

To study the evolution of the average site occupations for our system of four sites and

two electrons, the current occupation vector n; does not have enough information to
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predict the next timestep m,, 1, hence a collection of its previous history
{n,n;_1,....m_n,, 41} is required to make accurate predictions of the system’s future
evolution. Figure 4.3 displays a series of predicted time series for models trained on
varying numbers of input timesteps N;,. We plot the true and predicted evolutions for

a single occupation vector component, where predicted evolutions are found by

autoregression.
Nip=1 Njp =2
—— actual
0.75 1 —— predicted 0.75 1
0.50 A / \ l 0.50 4
0.25 A \’/\/ \/v 0.25 A
' Nin =6 ' ' Nip = 10
S " n
-
8 0.75 1
0
O i 0.5 1
o 0.50
1)
D 0.25 A
o
o 0.0 -
> T T T T
< Nip =30 Nip =50
1.0
0.75
0.50
0.5 A
0.25
0.0 T T T T T T
0 50 100 150 0 50 100 150
Timestep Timestep

Figure 4.3: Series of plots comparing the numerically exact time evolution of a single
average occupation component (blue) with that predicted by our site occupation model
using autoregression (red). The predicted time series is plotted for models trained on
N;, = 1,2,6,10, 30, 50 input timesteps predicting the next timestep.

We find that by providing the model with an increased memory of previous timesteps,
it becomes more capable of making accurate predictions of the average occupations at
the next timestep, and hence, with enough input timesteps, it can make very good
approximations of the system’s evolution over longer time intervals. For V =4, we
observe the model requiring N;, = 50 previous timesteps before it can make a precise
reproduction of the site occupation time series. Figure 4.4 illustrates the dependence of
the accuracy of the model’s prediction on the number of previous timesteps used to
predict the next timestep. For each of the 100 sample time series in the test set, the
mean average error over the first 20 predicted occupation vectors {ny,, +1,..., 7N, +20}
calculated at varied NV;, is plotted, from which we can deduce a mean dependence of

Nj,, on the prediction accuracy, as shown in fig. 4.4.

18



0.30 A

0.25 A

0.20 4

0.15 4

0.10 A

Mean absolute error

0.05 A

0.00 A

00 0.2 04 06 08 1.0 1.2 14 16 18 2.0
l0g10(Njn)

Figure 4.4: Mean absolute error of the average site occupation vector over the first 20
predicted timesteps for models trained on a varying number of input timesteps N;,. The
dark blue line indicates the mean error of 100 sample time series (light-blue).

4.3 Varying Interaction Strengths

One of the questions we can now ask is what factors of the system influence how
predictable its evolution is in the compressed representation of average occupation.
Here, we investigate how varying the interaction strength V' in the Hubbard
Hamiltonian (eq. 2.8) affects the accuracy in the prediction. Figure 4.5 compares the
mean absolute error in the first 20 predicted site occupation timesteps for the low

V' =0, intermediate V' = 4 (fig. 4.4), and strong V = 20 interaction strengths.

Figure 4.5 shows the slowest convergence in the model’s prediction error for the
intermediate case of V' = 4. For the zero interacting and strong interacting cases, we
observe that the model was more capable of learning the behaviour of the average site
occupation evolution, making relatively accurate predictions for a history of 10 input
timesteps. In figure 4.6, we keep the number of input timesteps the model is trained on
fixed at N;, = 10, and calculate the mean absolute error in the site occupation

predictions for varying interaction strengths to elucidate the dependence.

Figure 4.6 confirms that there is a region of intermediate interaction strength for which
the behaviour of the individual site occupations is more difficult to predict and requires
an increased memory of the system’s history to accurately reproduce its evolution. For
zero interaction strength, the model’s prediction is extremely accurate, suggesting that
the propagation is local in time. The region of inaccuracy peaks around V=2 to V =6

after which the error converges to zero for higher interaction strengths.
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Figure 4.5: Mean absolute error of the average site occupation vector over first the 20
timesteps predicted by our model against the number of timesteps the model was trained
on for different interaction strength V' = 0,4, 20
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Figure 4.6: Here we illustrate how the error in our average site occupation predictions vary
with interaction strength for models trained on a fixed number of 10 input timesteps. The
different lines show the MAE over the first 10, 20 and 30 predicted timesteps, respectively.
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5. Conclusion

In this research project, we investigated the propagation of a quantum many-body
system in time using a neural network. Using the spinless Hubbard model and exact
diagonalisation, we generated datasets for the exact time evolution of a quantum
interacting system on a lattice, on which a neural network was trained, and made
predictions of the future evolution of the system given its initial state. The
Hohenberg-Kohn theorems and density functional theory provided the theoretical
motivation to study the system in the reduced representation of average site occupation

to bypass the exponential scaling of the Hilbert space.

In the density matrix formalism of the system, the neural network only required
knowledge of the current state to make very accurate predictions for the next time step.
Giving the network the initial density matrix of the system only, using autoregression,
it was capable of predicting the evolution over a longer time interval to a very high
precision. For a test set of 100 sample time series, the mean absolute error in the
prediction over 500 time steps was computed to be 8.62 x 107%. The network was also
capable of learning multiple time steps ahead into the future without much change in
accuracy. So, by training a number of models predicting varied time steps into the
future, one is capable of propagating to any specified time step into the future, avoiding

the accumulation of errors by autoregression.

For the case of learning the evolution of the average site occupations of the system, the
current state of the system was no longer sufficient in making accurate predictions of
the next time step. The network required a collection of previous time steps to make
accurate reconstructions of the site occupation time series. We then examined the effect
that the interaction strength between electrons in the system had on the model’s
prediction. In the very low and high interaction regions, the model was able to make
accurate predictions with a smaller history of time steps, whereas in the intermediate

region, the behaviour of the system was more unpredictable, giving larger errors.

This research shows that machine learning coupled with density functional theory is a
viable approach to learning the behaviour of a quantum many-body system, avoiding
the limitations posed by determining exact numerical solutions. Potential questions
stemming from this research which would be interesting to investigate is how the
required memory changes with system size and the time step interval used. I would also
be interested to investigate if adding the current component between neighbouring

bonds reduced the required memory by any significance.
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